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Abstract: We discuss the renormalization properties of noncommutative non-gauge su¬ 
persymmetric field theories. 


1. Introduction 


The main feature of noncommutative field theories is the ultraviolet (UV) and infrared 
(IR) mixing of divergences [I]. This happens because the noncommutativity, say of x and 
y, [x,y] = 6 , at the quantum level entails an uncertainty Ax Ay ~ 6 . Together with 
the usual uncertainty relation Ax Ap x ~ 1 we find that Ay ~ 0Ap x , which means that 
the UV regime in the x-direction produces an IR effect in the y-direction and vice-versa. 
At the field theory level this phenomenon manifests itself as a mixture of UV and IR 
divergences already at the one loop level Q. If we choose to renormalize the theory in the 
usual way then the remaining IR divergence becomes a source of trouble since it leads, in 
general, to non-integrable divergences in higher loop orders jeopardizing renornralizability. 
It was then suggested that a possible way out would be the introduction of supersymmetry 
Q. Since supersymmetric theories have only logarithmic divergences it could be possible 
that the dangerous UV/IR mixing could be absent. This was shown at one loop level 
for the two-point function of the gauge field Q. However, a proof that this was true in 
general was still lacking. Then the noncommutative Wess-Zumino model was shown to 
be free of UV/IR mixing to all loop orders J5| providing the first noncommutative field 
theory which is fully renormalizable in four dimensions. Its low energy properties were 
studied in detail || . Other noncommutative supersymmetric non-gauge theories were also 
found to be free of UV/IR mixing. For instance, the supersymmetric nonlinear sigma 
model in three dimensions turns out to be renormalizable in the 1/N expansion |?], |^]. 
Spontaneous symmetry breaking also has troubles in the presence of noncommutativity 
S 0, [Til l. The situation in three dimensions is improved || but supersymmetry appears 
to play no role in this case. Thus, supersymmetry seems to be essential for renormalizability 
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in noncommutative field theories. However, this turns out to be true only for non-gauge 
theories. Supersymmetric gauge theories are still under intense scrutiny. 


2. Noncommutative Scalar Field Theory 


Noncommutative field theories are obtained from the commutative ones just by replacing 
the ordinary field multiplication by the Moyal product defined as 


( 01 * 02 ) 0 ) = 




a a 


9x11 9!/1/ 0i(a;)02(y) 


J y=x 


( 2 . 1 ) 


Then the noncommutative <^> 4 model in 3 + 1 dimensions reads as j2j 


!■ 


S = / d 4 x 




> * 0 — 


4! 


) k 0 k 0 k l 


( 2 . 2 ) 


We now proceed in the standard way. The quadratic terms gives the propagator. Since 
the Moyal product has the property 


dx (/ * g)(x) = J dx (<g k f)(x) = J dx f(x)g(a 


(2.3) 


the propagator is the same as in the commutative case. This is a general property of 
noncommutative theories: the propagators are not modified by the noncommutativity. 
The vertices, however, are in general affected by phase factors. In the present case we get, 
in momentum space, 


9 ‘ 


■ j d 4 x (f>k(f>k(f>k(f> = — J dk\ dk‘ 2 dk:idk 4 5(k\ + ^2 + ^3 + Aq) x 


[cos(^/ci A k 2 ) cos(^fc 3 A k±) + cos(^/ci A k 3 ) cos(^fc 2 A fc 4 ) + 
cos(^/ui A fc 4 ) cos(i/c 2 A k 3 )] 0 (fcl) 0 (fe 2 ) 0 (A: 3 ) 0 (/c 4 ). 


(2.4) 


We can now compute the one loop correction for the two-point function. It is easily 
found to be 


r 


3(2t r) 4 


d^k ( 1 + ^ cos (k A p) 


1 


k 2 + m 2 


(2.5) 


The first term is the usual one loop mass correction of the commutative theory (up to 
a factor 1/2) which is quadratically divergent. The second term is not divergent due to 
the oscillatory nature of cos(k A p). This shows that the nonlocality introduced by the 
Moyal product is not so bad and leaves us with the same divergence structure of the 
commutative theory. This is also a general property of noncommutative theories [12]. 
To take into account the effect of the second term we regularize the integral using the 
Schwinger parametrization 


1 


k 2 + m 2 


no o , 

[ da e- a(fc 2 +m 2 ) e"^, 

Jo 


( 2 . 6 ) 
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where a cutoff A was introduced. We find 


r (2) _ 


.A 2 


A 2 

A eff , 


487T 2 


[(A - m- 2 ln(—g) + ...) + -{Kff - m" ln(-^) + ...)], 


m 


777, 


(2.7) 


where 


A 2 

A e// 


1 -L ' 


p" = 


( 2 . 8 ) 


Note that when the cutoff is removed, A —* 00 , the noncommutative contribution remains 
finite providing a natural regularization. Also A 2 ^ = -4 which diverges either when 0 —* 0 
or when p —> 0. 

The one loop effective action is then 


/ 


9 


2 M 2 


d A p - (p 2 + M 2 H--—r--^ 

2 V 967r 2 (p 2 + 1/A 2 ) 967T 2 


In 


M 2 (p 2 + 1/A 2 ) 


+ ...)0(p)(/>(-p), (2.9) 


where M is the renormalized mass. Let us take the limits A —> 00 and p —> 0. If we take 
first p —> 0 then p 2 < < ^ and A e f / = A showing that we recover the effective commutative 
theory 

[ d A p \ (p 2 + M' 2 ) 0(p)0(-p). (2.10) 


If, however, we take A —>• 00 then p 2 » -^ and A 2 ^ = and we get 



p 2 + Af 2 + 


967r 2 p 2 


g 2 M 2 / 1 \ 
967T 2 \ M 2 p 2 ) 



</>(p)<)>(-p), 


( 2 . 11 ) 


which is singular when p —> 0. This shows that the limit A —> 00 does not commute with 
the low momentum limit p —> 0 so that there is a mixing of UV and IR limits. 

The theory is renormalizable at one loop order if we do not take p —> 0. What about 
higher loop orders? Suppose we have insertions of one loop mass corrections. Eventually 
we will have to integrate over small values of p which diverges when A —> 00 . Then we find 
an IR divergence in a massive theory. This combination of UV and IR divergences makes 
the theory non-renormalizable. 

There are also examples of noncommutative theories which are nonrenormalizable al¬ 
ready at one loop order []r| . For a complex scalar field with interaction cj)* * (j>* * cj> * (f> it is 
found that the theory is one loop nonrenormalizable while <f>* * cf> * (j)* * cj) gives a one loop 
renormalizable model. 

Then the main question now is the existence of a theory which is renormalizable to 
all loop orders. Since the UV/IR mixing appears at the level of quadratic divergences a 
candidate theory would be a supersymmetric one because it does not have such divergences. 
As we shall see this indeed happens. 


3. NONCOMMUTATIVE WESS-ZUMINO MODEL 

The noncommutative Wess-Zumino model in 3 + 1 dimensions || has the action 


- 3 - 
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£ 0 = \d^ l Ad^A + hd^Bd^B + ^ipi flip, (3.1) 

Cm = ^ F 2 + ^G 2 + mFA + mGB - i mipip, (3.2) 

Cg = (/(F 1 * A * A — _F , t*t.B*_B + G*A*_B + G*-B*A — 

ip kip k A — ip ki^ip k B), (3.3) 

where A and B are bosonic fields, F and G are auxiliary fields and ip is a Major ana 
spinor. The action is invariant under the usual supersymmetry transformations. The 
supersymmetry transformations are not modified by the Moyal product since they are 
linear in the fields. The elimination of the auxiliary fields through their equations of 
motion produces quartic interactions. In terms of the complex field cp = A + iB we get 
cp* * cp* * (p-k cp which is non-renormalizable in the noncommutative case. This casts doubts 
about the renormalizability of the model but as we shall see supersymmetry saves the day. 

As usual, the propagators are not modified by noncommutativity. They are given by 


&aa(p) = A (p) = - 1 , (3.4) 

p z — m z + ic 

A ff(p) = P 2 A(p), (3.5) 

A af(p) = A FA (p) = —mA(p), (3.6) 

S(p) = -j ~—• ( 3 - 7 ) 

p — m 

Taking into account the symmetries, the vertices are 

FA 2 vextex: z^cos(pi A^)) (3-8) 

FB 2 vextex: — igcos(pi A P 2 ), (3.9) 

GAB vertex: 2ig cos(pi A P 2 ), (3.10) 

ipipA vertex: —igcosppi/\p2), (3-11) 

ipipB vertex: — i 975 cos (p 1 A p 2 ) ■ (3-12) 

The degree of superficial divergence for a generic 1PI graph 7 is then 

d{ 7 ) = 4 - Iaf ~ Ibf ~ Na - N B - 2N f - 2Nq - (3.13) 


where Nq denotes the number of external lines associated to the field O and Iaf an d 
Ibf are the numbers of internal lines associated to the mixed propagators AF and BF, 
respectively. In all cases we will regularize the divergent Feynman integrals by assuming 
that a supersymmetric regularization scheme does exist. 

The one loop analysis can be done in a straightforward way. As in the commutative 
case all tadpoles contributions add up to zero. We have verified this explicitly. The self¬ 
energy of A can be computed and the divergent part is contained in the integral 

2 f d A k 1 (p ■ k) 2 , 

169 J l2^ il+ 2 m(tAil)) p-mT <3 ' 14) 
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The first term is logarithmically divergent. It differs by a factor 2 from the commutative 
case. As usual, this divergence is eliminated by a wave function renormalization. The 
second term is UV convergent and for small p it behaves as p 2 ln(p 2 / m?) and actually 
vanishes for p = 0. Then there is no IR pole. The same analysis can be carried out for the 
others fields. For F we find that the divergent part is 

4g2 / Wf‘ {1+1 2 cos{kAp)) W^Y 2 ' <3 ' 15) 

The first term is logarithmically divergent and can also be eliminated by a wave function 
renormalization. The second term diverges as ln(p 2 /m 2 ) as p goes to zero. However 
its multiple insertions is harmless. For the fermion field the divergent part is similar to 
the former results and needs also a wave function renormalization. The term containing 
cos (k A p) behaves as ^ln(p 2 /m 2 ) and vanishes as p goes to zero. Therefore, there is no 
UV/IR mixing in the self-energy as expected. 

To show that the model is renormalizable we must also look into the interactions 
vertices. The A 3 vertex has no divergent parts as in the commutative case. The same 
happens for the other three point functions. For the four point vertices no divergence is 
found as in the commutative case. Hence, the noncommutative Wess-Zumino model is 
renormalizable at one loop with a wave-function renormalization and no UV/IR mixing. 

To go to higher loop orders we proceed as in the commutative case. We derived the 
supersymmetry Ward identities for the n-point vertex function. Then we showed that there 
is a renormalization prescription which is consistent with the Ward identities. They are 
the same as in the commutative case. And finally we fixed the primitively divergent vertex 
functions. Then we found that there is only a common wave function renormalization as 
in the commutative case. In general we expect 

TR = m R = Zm + S' 171 , 9R = Z 3/2 Z'g. (3.16) 


At one loop we found 5m = 0 and Z' = 1. We showed that this also holds to all orders 
and no mass renormalization is needed. 

Being the only consistent noncommutative quantum field theory in 3 + 1 dimensions 
known so far it is natural to study it in more detail. As a first step in this direction 
we considered the non-relativistic limit of the noncommutative Wess-Zumino model 0. 
We found the low energy effective potential mediating the fermion-fermion and boson- 
boson elastic scattering in the non-relativistic regime. Since noncommutativity breaks 
Lorentz invariance we formulated the theory in the center of mass frame of reference where 
the dynamics simplifies considerably. For the fermions we found that the potential is 
significantly changed by the noncommutativity while no modification was found for the 
bosonic sector. The modifications found give rise to an anisotropic differential cross section. 

Subsequently the model was formulated in superspace and again found to be renormal¬ 
izable to all loop orders [14]. The one and two loops contributions to the effective action 
in superspace were also found [ 151. The one loop Kahlerian effective potential does not get 
modified by noncommutativity and the two loops nonplanar contributions to the Kahlerian 
effective potential are leading in the case of small noncommutativity [ 151. 


- 5 - 
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4 . Noncommutative Gross-Neveu and Nonlinear Sigma Models 

Another model where non-renormalizability is spoiled by the noncommutativity is the 
0(N ) Gross-Neveu model. The commutative model is perturbatively renormalizable in 
1 + 1 dimensions and 1/N renormalizable in 1 + 1 and 2 + 1 dimensions. In both cases it 
presents dynamical mass generation. It is described by the Lagrangian 




(4.1) 


where ipi,i = 1,... IV, are two-component Majorana spinors. Since it is renormalizable in 
the 1/N expansion in 1 + 1 and 2 + 1 dimensions we will consider both cases. As usual, we 
introduce an auxiliary field a and the Lagrangian turns into 



(4.2) 


Replacing a by a + M where M is the VEV of the original a we get the gap equation (in 
Euclidean space) 


M f d D k M 


1 


(4.3) 


2 g J (2ir) D k 2 E + M 2 °' 


To eliminate the UV divergence we need to renormalize the coupling constant by 



(4.4) 


In 2 + 1 dimensions we find 


1 _ fi- \M\ 

9R 2vr 


(4.5) 


and therefore only for — ^ + 4L > 0 it is possible to have M/0, otherwise M is necessarily 


zero. No such a restriction exists in 1 + 1 dimensions. In any case, we will focus only in 
the massive phase. The propagator for a is proportional to the inverse of the following 
expression 


d D k k-(k + p) + M 2 
(2ir) D (k 2 - M 2 )[(k + p) 2 - M 2 } 



1 


(4.6) 


which is divergent. Taking into account the gap equation the above expression reduces to 



(4.7) 


which is finite. Then there is a fine tuning which is responsible for the elimination of 
the divergence and which might be absent in the noncommutative case due to the UV/IR 
mixing. 

The noncommutative model is defined by |7|] 
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Elimination of the auxiliary field results in a four-fermion interaction of the type V’i * 
•k iftj -k ^j . However a more general four-fermion interaction may involve a term like 
ifri kipj -kipi This last combination does not have a simple 1/N expansion and we will 
not consider it. The Moyal product does not affect the propagators and the trilinear vertex 
acquires a correction of cos(pi /\p 2 ) with regard to the commutative case. Hence the gap 
equation is not modified, while the propagator for the a is now proportional to the inverse 
of 


m AT r d D k 2n a . k-(k + p) + M 2 
2 g N J {2n) D C ° S (,k 2 - M 2 )[(k + p) 2 - M 2 ]' 


(4.9) 


Now the divergent part is no longer canceled and this turns the model into a nonrenormal- 
izable one. 

On the other side, the nonlinear sigma model also presents troubles in its noncommu- 
tative version. The noncommutative model is described by 


C 


1 


1 


N 


Ti(d + M )<pi + -\-kipi-kipi- —A, 


(4.10) 


where ipi, i = 1 ,N, are real scalar fields, A is the auxiliary field and M is the generated 
mass. The leading correction to the cp self-energy is 


f d 2 k cos 2 (kAp ) 

J (2vr) 2 (fe + p)2_M 2 


(4.11) 


where is the propagator for A. As for the case of the scalar field this can be decomposed 
as a sum of a quadratically divergent part and a UV finite part. Again there is the UV/IR 
mixing destroying the 1/N expansion. 


5. Noncommutative Supersymmetric Nonlinear Sigma Model 


The Lagrangian for the commutative supersymmetric sigma model is given by 


c = ^d^ipid^i + fiA + \ F i F i + a( Pi F i + - ^A, (5.1) 

where F t , i = 1 are auxiliary fields. Furthermore, a, A and £ are the Lagrange 

multipliers which implement the supersymmetric constraints. After the change of variables 
A —> A + 2Ma, F —► F — Mip where M =< a >, and the shifts a —> a + M and A —> A + Ao, 
where Aq =< A >, we arrive at a more symmetric form for the Lagrangian 


£ = -^Tiid 2 + M 2 )(fi + ^(z 0 - + ^F 2 + M 2 ip 2 + ^X 0 p 2 

+ \^Fi + a Ti F i - - —Me r. 

z z zg g 


Now supersymmetry requires Aq = —2 M 2 and the gap equation is 


C d D k i 1 

J (2tt) d k 2 - M 2 ~ g 1 


(5.2) 


(5.3) 


- 7 - 




Workshop on Integrable Theories, Solitons and Duality 


so a coupling constant renormalization is required. We now must examine whether the 
propagator for a depends on the this renormalization. We find that the two point function 
for a is proportional to the inverse of 


(p 2 — AM 2 )N r d D k 1 

2 J (2ir) D ( k 2 - M 2 )[(k + pf - M 2 ] ’ 


(5.4) 


which is identical to the Gross-Neveu case. Notice that the gap equation was not used. 
The finiteness of the above expression is a consequence of supersymmetry. 

The nonconunutative version of the supersymmetric nonlinear sigma model is given by 

0 


£ 


+ M 2 )<pi + ^i(* 9 - M )^i + \ F i +^*<Pi*<Pi 

~\ F i * (er * if>i + <pi * a) - * tp i * 4>i ~ t;(£ * A * * A) 

N NMa 


(5.5) 


Notice that supersymmetry dictates the form of the trilinear vertices. Also, the supersym¬ 
metry transformations are not modified by noncommutativity since they are linear and no 
Moyal products are required. 

The propagators are the same as in the commutative case. The vertices have cosine 
factors due to the Moyal product 


A p 2 

vertex: 

^cos(pi A p 2 ), 

(5.6) 

aipF 

vertex: 

-icos(pi A p 2 ), 

(5.7) 

ifnlicr 

vertex: 

-^cos(pi A p 2 ), 

(5.8) 

li’V 

vertex: 

—i cos(pi A p 2 )• 

(5.9) 


We again consider the propagators for the Lagrange multiplier fields. Now the a propagator 
is modified by the cosine factors and is proportional to the inverse of 

(p 2 — AM 2 )N f d D k cos 2 (kAp ) . . 

2 J (2n) D ( k 2 - M 2 )[(k + p) 2 - M 2 )' ^ ' ’ 

It is well behaved both in UV and IR regions. The propagators for A and £ are proportional 
to the inverse of 


N [ d D k 2n , 1 

2 J (2tt) d C ° S ^ A [(k + p) 2 - M 2 ] [, k 2 - M 2 ] ’ 


(5.11) 


and 


(jf + 2Af) 

2 


d D k 

(2tt) d 


cos 2 (A: A p) 


P + p ) 2 


1 

M 2 ] [k 2 


respectively. They are also well behaved in UV and IR regions. 


M 2 ]’ 


(5.12) 
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The degree of superficial divergence for a generic 1PI graph 7 is 


dirt) = D- - ^ N f -N a - ^ - 2N X , 


(5.13) 


where Nq is the number of external lines associated to the field O. Potentially danger¬ 
ous diagrams are those contributing to the self-energies of the ip and ifi fields since, in 
principle, they are quadratic and linearly divergent, respectively. For the self-energies of 
and ij} we find that they diverge logarithmically and they can be removed by a wave 
function renormalization of the respective field. The same happens for the auxiliary field 
F. The renormalization factors for them are the same so supersymmetry is preserved in 
the noncommutative theory. This analysis can be extended to the n-point functions. In 
2 + 1 dimensions we find nothing new showing the renormalizability of the model at leading 
order of 1/N. However, in 1 + 1 dimensions there some peculiarities. Since the scalar field 
is dimensionless in 1 + 1 dimensions any graph involving an arbitrary number of external ip 
lines is quadratically divergent. In the four-point function there is a partial cancellation of 
divergences but a logarithmic divergence still survives. The counterterm needed to remove 
it can not be written in terms of f d 2 x ipi * tpi * ipj * tpj and f d?x <pi * ipj * ipi * <pj. A 
possible way to remove this divergence is by generalizing the definition of IPI diagram. 
However the cosine factors do not allow us to use this mechanism which casts doubt about 
the renormalizability of the noncommutative supersymmetric 0(N) nonlinear sigma model 
in 1 + 1 dimensions. 

The noncommutative supersymmetric nonlinear sigma model can also be formulated 


in superspace [16]. There it is possible to go beyond the sub-leading order in 1/N. It is 
then possible to show that model is renormalizable to all orders of 1/N and explicitly verify 
that it is asymptotically free |lf 


6. Spontaneous Symmetry Breaking in Noncommutative Field Theory 

Having seen the important role supersymmetry plays in noncommutative models it is natu¬ 
ral to go further. Spontaneous symmetry breaking and the Goldstone theorem are essential 
in the standard model and the effect of noncommutativity in this setting deserves to be 
fully understood. In four dimensions it is known that spontaneous symmetry breaking can 
occur for the U(N ) model but not for the 0(N ) unless N = 2. The 0(2) case was analyzed 
detail @0 and the results for the U(N ) case have been extended to two loops |p7|| . 


m 


Going to higher loops requires an IR regulator which can no longer be removed[18]. Due 
to these troubles we will consider three dimensional models. 

Let us consider the three-dimensional action S 


S = J d 6 x 

_ 9 
4 

_ A 
~ 6 


1 g? 

- -<fi a U<fi a + ~~<fia(fia 


<fia * fib * <fib + hfia * fib * fia * fib) 


* fia * fib * 4>b * 4>c * 4>c + h24>a * 4>a * (fib * 4>c * (frc * (fib + 


+ h 3 (fi a * (fi a * <fi b * (fi c * (fi b * (fi c + h^cfia * (fib * (fic * 4>a * <fib * 4>c + 
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+ h 5 (j) a * 4 >b * 4 >C * (j>a * 4>c 



( 6 . 1 ) 


where 1 %, h \, /t 2 ... h^ are real numbers satisfying the conditions l\ + I 2 = 1 and hi + 
/i 2 + ... + /15 = 1 , so that there are two quartic and five sextuple independent interaction 
couplings. The potential has a minimum for (j)a<t>a = a, 2 with 

a 2 = (-5 + vV 2 + 4// 2 A) . (6.2) 

As usual we introduce the field 7 Tj and a having vanishing expectation value. The action 
then becomes 



where m? = 4/r 2 — 2 ga 2 = 4Aa 4 + 2 ga 2 , the dots denote terms of fifth and sixth order in 
the fields, a = 2>h\ + 2(/i 2 + h 3 ) + h§, and (3 = 18hi + 14/^2 + 12 /i 3 + 6 /r 4 + 8 / 15 . Notice that 
condition ( | 6 . 2 | ) implies that the pions are massless in the tree approximation, in agreement 
with the Goldstone theorem. 

We then find the propagators 


< o-(pi)a(p 2 ) >= {2ir) d 5(pi +J>2)-2-; 

p\ — m 

iS- ■ 

< ni (pi)ttj( p 2 ) >= {2n) d 5(p 1 +P 2 )~y, 


and the vertices present the usual phase factors 


(6.4) 

(6.5) 


TTi(pi)TTj(p2)TTk{P3)^l(P4) ~ipi[cOs(pi A p 2 ) COs(p 3 A Pi)5ij5 k l 
+ cos(pi A p 3 ) COS {jp 2 A P4)5 ik 5jl + cos(pi A p 4 ) cos(p 2 A p 3 )5il5 k j\ 

- ip 2 [cos(pi A p 3 + p 2 A Pi)5ij6 k i + cos(pi A p 2 + p 3 A P 4 )]S ik Sji 

+ cos{pi A P 2 + P 4 A p 3 )Su6 kj ], (6.6) 


Tj(Pi)T;'(P2MP3Mp4) -> -i[P 3 Cos(pi A p 2 ) cos(p 3 A p A ) + 

+ p 4 cos(pi Ap 3 +P2 A Pi)], (6.7) 

cr(pi) * 7Tj(p 2 ) * 7Tj(p 3 ) -> —i(4Aa 3 + 25a) cos(p 2 A p 3 ), (6.8) 

where p\ = 4^a 2 a + 2gl\, P 2 = {3 — a)^a 2 + 2 ^/ 2 , P 3 = ^ a 2 (3 + 2gl± and p 4 = ^a 2 (18 — 

/3) + 2^/ 2 ■ 

The gap equation receives no contribution from noncommutativity while the one loop 
corrections to the pion mass have divergences both, in the planar and non-planar sectors. 
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Eliminating the UV divergence in the planar sector also eliminates the UV/IR mixing in 
the non-planar sector. It is also fortunate that it leads to an analytic behavior in the IR so 
that the mass corrections vanish for p = 0. This mechanism does not appears in the four 
dimensional case. 

The two point function for a is also analytic in the IR leading to a relation among 
the parameters. The divergences in the higher point functions can also be eliminated. 
Therefore, we have shown that this 0(N ) model is renormalizable at one loop for any N 
H|, in contradistinction to the four dimensional case where N must be equal to 2. 

A supersymmetric version of this model can be formulated in superspace. Again, the 
gap equation is not affected by noncommutativity. The mass corrections for the pion two 
point function are UV finite and free of UV/IR mixing as expected. It also vanishes for 
p = 0. Supersymmetry does not appear to be important in this situation. 

7. Conclusions 

We have shown that it is possible to build consistent quantum field theories in noncommu- 
tative space. Supersymmetry is an essential ingredient for renormalizability. The models 
studied here do not involve gauge fields and this considerably simplifies the situation. All 
vertices are deformed in the same way by the Moyal product and this was essential to ana¬ 
lyze the amplitudes. With gauge fields the situation is much more complicated because the 
vertices are deformed in different ways. However, supersymmetric gauge theories may still 
have a better behavior. The analysis of spontaneous symmetry breaking in three dimen¬ 
sions revealed that it is possible to implement the Goldstone theorem in noncommutative 
theories. Supersymmetry seems to play no essential role in this case. 
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